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D I S P L A C E M E N T S  AND S T R E S S E S  IN G L A S S - R E I N F O R C E D  T E M P E R A T U R E  
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Glass-reinforced strip consists of a strand of straightened glass 
fibers arranged in a definite order and impregnated with resin. The 
physicomechanical properties of glass-reinforced strip determine the 
design properties of oriented glass-reinforced plastics. It is therefore 
of interest to study the stress distribution in the structure and the physi- 
cochemical properties of glass-reinforced strip on the basis of models 
of a structurally inhomogeneous body and the various properties of 
reinforcement and resin. 

1. Le t  a v o l u m e  e l e m e n t  of the  g l a s s - r e i n f o r c e d  
s t r i p  be  at  a c e r t a i n  t e m p e r a t u r e  0 = T - T o . 
We sha l l  e m p l o y  the  v e r y  s i m p l e  m o d e l  i l l u s t r a t e d  in 
F ig .  1. In th is  m o d e l  e l a s t i c  r o d s  a r e  a r r a n g e d  at  the 
nodes  of a r e g u l a r  t r i a n g u l a r  ne t  and run  p a r a l l e l  wi th  
the  x 1 ax i s  to f o r m  a doubly  p e r i o d i c  s t r u c t u r e  s y m -  
m e t r i c a l  wi th  r e s p e c t  to the  p l a n e s  x 2 = c o a s t  and x~ = 
= cons t .  The  s p a c e  b e t w e e n  the  f i b e r s  i s  f i l l e d  with  a 
v i s c o e l a s t i c  r e s i n .  

F i g .  1 

Le t  wl = 2, w 2 = r  - 1/3~) be the  p r i n c i p a l  
p e r i o d s  of the  net ,  k the  d i m e n s i o n l e s s  r a d i u s  of the  
f i b e r s ,  ~ a '  Ea '  and v a a r e  r e s p e c t i v e l y  the l i n e a r  c o -  

e f f i c i e n t  of  t h e r m a l  e x p a n s i o n ,  Y o u n g ' s  m o d u l u s  and 
P o i s s o n ' s  r a t i o  fo r  the  f i b e r s ;  c~ s,  E*,  and v* a r e  the  
l i n e a r  c o e f f i c i e n t  of t h e r m a l  e x p a n s i o n ,  o p e r a t o r  m o d -  
u l e s ,  and o p e r a t o r  P o i s s o n ' s  r a t i o  c h a r a c t e r i z i n g  the  

v i s c o e l a s t i c  p r o p e r t i e s  of the r e s i n , *  u i (i = 1, 2, 3) 
a r e  the c o m p o n e n t s  of the  d i s p l a c e m e n t  v e c t o r ;  h e n c e -  

f o r t h  q u a n t i t i e s  r e l a t i n g  to the g l a s s  f i b e r s  w i l l  be  d e -  
no t ed  by the  s u b s c r i p t  " a "  and q u a n t i t i e s  r e l a t i n g  to 
the  r e s i n  by the  s u b s c r i p t  " s . "  

The s o l u t i o n  of the p r o b l e m  is  c o n s t r u c t e d  fo r  a 
v o l u m e  a t  a s u f f i c i e n t  d i s t a n c e  f r o m  the  o u t e r  edge  of 
the g l a s s - r e i n f o r c e d  s t r i p ;  t h e r e f o r e  in a n a l y z i n g  the  
d e f o r m a t i o n  of the  body in a c o n s t a n t  t e m p e r a t u r e  f i e ld  

i t , i s  n e c e s s a r y  to take  into a c c o u n t  the fac t  that  a s  a 
r e s u l t  of s t r e s s  r e d i s t r i b u t i o n  b e t w e e n  r e i n f o r c e m e n t  
and r e s i n  wi th  d i s t a n c e  f r o m  the end f a c e s  of the  s t r i p  
c r o s s  s e c t i o n s  x 1 = c o n s t  r e m a i n  p lane  on a v e r a g e  

F 

H e r e  the  s y m b o l  (~11) d e n o t e s  the  a v e r a g e d  va lue  of 
g l l  o v e r  the a r e a  of the b a s i c  p e r i o d i c  p a r a l l e l o g r a m  
F, wh i l e  (~11)s and (Sl~)a deno te  the  a v e r a g e  v a l u e s  of 
the s t i l l  unknown s t r a i n s  of  r e s i n  and r e i n f o r c e m e n t  
due to r e d i s t r i b u t i o n  of the s t r e s s e s  a t  the  end f a c e s  
of the s t r i p .  R e l a t i o n s  (1.1) hold fo r  d i f f e r e n t  t e n s i l e  
s t r e s s e s  a long  the x 1 a x i s  fo r  r e i n f o r c e m e n t  and r e s i n ,  
wh i l e  in the a b s e n c e  of an e x t e r n a l  f o r c e  f i e ld  the c o n -  

d i t ion  

I dFa,i + I dFzn = 0 (1.2) 
F a F s 

m u s t  be  s a t i s f i e d .  
The  g e n e r a l  so lu t ion  of the  p r o b l e m  of t h e r m a l  e x -  

p a n s i o n  of the s t r i p  is  c o m p o s e d  of the so lu t i on  of the 
p r o b l e m  of s t r e t c h i n g  a long  the  x 1 ax i s ,  c o n s t r u c t e d  
wi thou t  a c c o u n t  fo r  the  i n t e r a c t i o n  b e t w e e n  r e s i n  and 
r e i n f o r c e m e n t ,  and the  so lu t ion  tha t  does  t ake  th is  in -  
t e r a c t i o n  into  a c c o u n t  wi th  the  body in the  p l ane  d e -  

f o r m e d  s t a t e  when (~;~1) = 0. 
The  so lu t i on  of the  f i r s t  p r o b l e m  is e l e m e n t a r y :  

<311>a = Eo <elj)., u2 + iu.~ = --v~z (eu) + a.zO. (1.3) 

Ana logous  r e l a t i o n s  m a y  be ob ta ined  fo r  the r e s i n  

(~u)~=E* (el,)~, uo--iu3=--v*z(en)~+a~zO. (1.4) 

Z ~ X2 ~ i x 3 ,  

The  so lu t i on  of the  s e c o n d  p r o b l e m  is  ob ta ined  wi th  
the  a id  [1] of the c o m p l e x  p o t e n t i a l s  ep a (z, t), ~a (z, t) 
and ~s (z, t), ~s (z, t). The  b o u n d a r y  c o n d i t i o n s  at  the  

c o n t o u r  of e a c h  f i b e r  L m n  (for  z = T =-- L m n ;  m,  n = 0, 
• 1 . . . .  ) f o r  equa l  s t r e s s e s  and a g iven  d i f f e r e n c e  in 
the  d i s p l a c e m e n t s  of r e i n f o r c e m e n t  and r e s i n  t ake  the 

f o r m  [1]: 

{'rcI). (~, t) + u/. (~, t)} = O~ (~, t) + �9 , (~, t) + (I). (x, t) - -  e ~ - ' 

+ CO. (~, t)" - -  ~'-~ {;a,~' (~, t) + 't'~ (~, t)}, (1.5) 

* L i n e a r  f o r m s  of the  r e l a t i o n  b e t w e e n  s t r e s s e s  and 

s t r a i n s  f o r  r e s i n s  a r e  a p p l i c a b l e  a t  s u f f i c i e n t l y  low 
v a l u e s  of ~rik. Thus  fo r  e x a m p l e ,  fo r  an  e p o x y - m a l e i c  
c o m p o s i t i o n  at  T = 285~ the  t e n s i l e  s t r e s s e s  shou ld  

not  e x c e e d  a < 0 .8a  b. 

(t--G*/Go)(I),,(T, t ) + ( l  + G*/G,,)(I~a(T, t ) - - ( 1 - - ( 1 . 6  ) 

--C*/G.)c ~ {T(I).' (T, t) + ~a(~,  t )} - - ( •  + t)iI),(~, t) = 

= 2G* {(a , - -a~)  (1 + ~,a)0 + (~  - -  v*) (~H),} �9 

F o r  the  s t r d c t u r e  in q u e s t i o n  i t  m a y  be r e q u i r e d  to 
i m p o s e  c o n d i t i o n s  (1.5) and (1.6) a t  only  one a r b i t r a r -  
i ly  c h o s e n  c o n t o u r ,  if  the  p o t e n t i a l s  ~s (z, t) and ~s (z, t) 
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s a t i s f y  the r e l a t i o n s  of p e r i o d i c i t y  and s y m m e t r y  

r  (z + ~) = m, (z), 

v ,  (z + %) = T, (z) - -7~O, '  (z) (/= ~, 2), (1.7) 

q), (z-) = (1), (z), (D, (-- z) = q), (z), (I.8) 

T,(~) = % (z), v,(-- z) = % (z)~ 

Condi t ions  (1.7) and (1.8) a r e  s a t i s f i e d  when the un- 
known funct ions a r e  s e r i e s  of doubly p e r i o d i c  (e l l ipt ic)  
W e i e r s t r a s s  S ~ funct ions 

a)~ (z, t) = 2C* {(a,--a~)  (1 + va)O + (v. - -v*)  <ell>.} • 

• ~ ]. 
~,=0 (1.9) 

T, (z, t) = 2G* {(a. - -  a.) (I + %) O + (% - -  v*) <ell>.} X 
oo oo 

X do (t) § ~ d2~t+,~, (t) (2k § i) 
h-=0 k=o 

S i m i l a r l y ,  us ing  the method of s e p a r a t i o n  of v a r i a b l e s ,  
we get  

(D~.(z. t) = 2G* {(as -- a~) (t § %) O § 

+ (%--v*)  <en>,} ~ a~, (t) z~". ( i . lO) 
n ~ o  

~Fa(z, t) = 2G* { ( a , - - a . )  (1 §  O §  

+ (v. - -  ,~*) <~11>,} ~ b~. (t) z ~ .  
n = 0  

Using  (1.5), (1.6) and the condi t ion  that  a t  the edge 
of the b a s i c  p a r a l l e l o g r a m  the p r i n c i p a l  v e c t o r  of the 
f o r c e s  is  ze ro ,  we can  d e t e r m i n e  the unknowns a2n, 
b m, d m, and C2n f rom the fol lowing s y s t e m  of equa-  
t ions :  

q + (• + t) s 
ao( t )= t+~I+~X*+~I(x=-- t )G*/O a ' 

S = ~ c2~+~ (t))J~+~ao, ~, 

-- 2J ~ a~, a~(t)  ~ + - ~ - / ~ . = o =  c~+~(t) " '  (1 .11)  
• ~ 

/ Ga 

d=~+2(t) = ( 2 k +  t) e=~(t) x*--x~C*/aa ~=~a2~(t), x* §  

co (t) = 1/2~d2 (t), r (t) = do (t), 
l + [• - -  t - -  (• - -  t) G* / a~] S 

c 0 ( t ) = - - ~  ~T-C4E~*?~-(~.-~--~)G*/Co ' 

~o 
x* § G* / G a 

C2k (~) = - -  ~C 2 (t)  ~)ltl-- E d2n+2 (t) ~2n+2k~_l, n "Jr G* / Ga 

+ ~ c.~,~2 (t) [(2n + 2) ,~"+~_L ~ -- (2k -- I) ~"~2+~ a~. ~1 
n ~ o  

(k .~ t, 2 . . . .  ). 

H e r e  ~ i , k  and/3i ,  k a r e  the coe f f i c i en t s  of the L a u r -  
en t  expans ion  [2] of the e l l i p t i c  funct ions ,  ~ = ~r~,2/(~o~ 
s in  ~)  and ~ = 1 - ~  a r e  the volume r a t i o s  of r e i n f o r c e -  
men t  and r e s i n .  

65 

F r o m  (1.1), (1.21, (1.9), (1.10) and (1.11) we get  r e -  
l a t ions  for  the unknown s t r a i n s  

E* 

The d i s p l a c e m e n t s  of the body in the plane x~ = 
= cons t  a r e  found f rom the known equat ions  [1] 

u2 § iu3 = a,zO-- v*z <ell>~ § (2G*)-i• 

X{• t) =-z(I),(z, t ) - -~L(z ,  t)} ( i . i3 )  

(%(z, t )=Sdz*s(z ,  t), , s ( z , t ) = S d z ~ , ( z ,  t)). 

2. The g e n e r a l  l i nea r  form of the r e l a t i o n  between 
the s t r e s s e s  and s t r a i n s  for  a body whose s t r u c t u r e  
has t h r e e  p lanes  of s y m m e t r y  may be wr i t t en  [3, 4] as  

<~II> - -  <(~22> - -  \ 33> -~ 9 1 . 0 ,  <811> = E1 ~ ~ ~ 

V21* ~ "r 
<g22> --  El* (51i> -~- ~ <(~22> --E~a* (Zaa> § ~2'0, (2.1) 

<e28> = + <z~a>, 

(ca3> : - -  Ei  ~ ( a l l >  E=* Ea--~ (San> § }a*O, 

<sal> = ~ <~al>. 

Here  E i, Vsn, Gik a r e  l i n e a r  i n t e g r a l  o p e r a t o r s  
c h a r a c t e r i z i n g  the v i s c o e l a s t i c  p r o p e r t i e s  of the i n -  
homogeneous  body, f ~  a r e  the o p e r a t o r  coef f i c ien t s  of 
t h e r m a l  expans ion .  The s t r e s s e s  and s t r a i n s  a r e  a v -  
e r a g e d  ove r  a r e a s  conta in ing a su f f i c ien t ly  l a rge  (over  
1000) number  of f i b e r s ;  for  the un i form s t r e s s  s t a t e  of 
a body with a r e g u l a r  d o u b l y - p e r i o d i c  s t r u c t u r e  i t  is  
suf f ic ient  to c a r r y  out the a v e r a g i n g  within the l i m i t s  
of the b a s i c  p a r a l l e l o g r a m .  

The exp l i c i t  form of the t h e r m a l  expans ion  o p e r a t o r  
is  found f rom (1.1), (1.2), and (2.1) for  ((Yik> = 0: 

~l*=~s - - ( c t s - -aa )~  Ea-L8(t@~a)(va-v*)G*a~ (2.2) 
El* 

In o r d e r  to d e t e r m i n e  ~32", /3 * a we mus t  examine  the 
a v e r a g e  t e m p e r a t u r e  d i s p l a c e m e n t s  in the plane x I = 
= cons t  

<u2-- iua> = 1/2z (~2" + ~a*)0 + 1/az(~2*--~3*)0. (2.3) 

If we c o m p a r e  the i n c r e m e n t s  in the mean  d i s p l a c e -  
ments  a c c o r d i n g  to (2.3) and (1.13) a s  we move f rom 
the point  z to z + ~ j ,  then 

§ { ( ~ - -  a~) (i + %)(} § (%--~*)  <sI1>~} [(• - - %  ~-~2.4) 

§ 2~) co - -  ~ (• + ~j) cd, 
(p~ = t, p~ = e-i=), 
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S e t t i n g  j = 1, 2 ,  w e  f i n d  t h e  o p e r a t o r  c o e f f i c i e n t s  o f  

t h e r m a l  e x p a n s i o n  o f  t h e  i n h o m o g e n e o u s  b o d y  

L~* = ~ ,  + ( ~  - -  ~ * )  v ~ *  - -  

- -  (a ,  - -  ~t~) ( t  + v~) (v* - -  v~t*) / (v* - -  v~) ,  ( 2 . 5 )  

~ *  = ~ + (~ - -  ~*) v.,* - -  

- (~, - - ~ )  ( i  + ~)  (~* - -  v~,*) / (v* - -  vo) .  

The operator coefficients u2~* and V'31* are found 
from a study of the displacements when the strip is 
subjected to tensile stresses <~II> = const 

~'2t* - -  v* - -  (v~ - -  v*)  ( •  + 1) (Co - -  ~c2), ( 2 . 6 )  

~ *  = v* - -  (v~ - -  v*) (• + t ) ( c 0 +  ~e~) (~p~ ~ = ~ / ~ ,  ~..=o). 

The a p p r o x i m a t e  v a l u e  o f  v21* ( c o r r e c t  to 1%) is  

V21" = ~ S l *  ~ *  - -  ~ (V* - -  Va) (Z* "+ t )  
l -}- q + ~x* + ~] ( x a - -  t )  G* / G a " 

3. For a purely e las t i c  resin and re inforcement  a l l  the operator 
quant i t ies  in the above equations are rep laced  by the e las t ic  constants.  

Note that  the phys i comechan ica l  propert ies of glasses in the t e m p e r a -  

ture range to 500 ~ K, a n d  even higher  for some spec ia l  glasses, show 
only  slight var ia t ion ,  whereas the propert ies  of resins vary substan- 

t i a l l y  at  these tempera tures .  Therefore the g iven  case is of interest  

for e s t ima t ing  the effect  of the v iscoe las t ic  propert ies  of the po lymer  

on the coef f ic ien ts  of t he rma l  expansion of a composi te  m a t e r i a l .  

Figure 2 shows curves cha rac te r i z ing  the change in the coeff ic ients  

of t he rma l  expansion with the vo lume content  of glass re inforcement .  

For the type of s tmcture  in quest ion the values  of 3~ and Bs are the  

same.  

\ 
\ 

q \ 
\ 

92 0# O.a 0.a 

Below we present numer ica l  values  of the stresses for ~ = 0 .736  
< o n >  a = 0 . 9 8 1 -  0 .59  bar, <o11> s - -  0 . 9 8 1 . 2 . 6 3 0 b a r .  for 

= 0.227 < o n >  a = 0 . 9 8 1 - 6 . ]  0 b a r ,  < o n >  s = -  0 . 9 8 1 .  1.76 
bar. 

4. On the basis of s imple creep tests o n  e p o x y - m a l e i c  specimens 

at T = 285* K it  was found that  for suff ic ient ly  low stresses the visco-  

e las t ic  propert ies of the resin can be described using the e las t ic  m e m -  
ory theory.  The simplest  relat ions are obta ined by using exponen t i a l -  
f ract ional  functions as kernels .  In this case we take  [5] 

I -- 2Vo 

where 

t oo (-- tO)k (t 
a**-x ( - -  to) t (t) = I d t ' t  ( t3  (t - -  t ')x-1 . F [(k -[- t) t ]  ' (4 .2 )  

o k=o 

In the g iven case we found 

tO -- tOo + tOot, ~. = 0.5, tOo / tO = 0.302, tO = 0.172 hour ~  . 

At higher  temperatures  there is a substantial  change in the pa ram-  
eters charac te r i z ing  the v iscoelas t ic  propert ies of the resins and it is 

necessary to take into account  the change in a s . 
A study of system (1. ! ! )  shows that  for glass-re inforced plast ics ,  

when Gs/G a << 1, the unknowns C2k(t) vary only s l ight ly  with t i m e  

(except  for co (t), therefore,  to a good approximat ion  (of the order 

of 3%) we can set c2k = eonst,  
With an accuracy  of bet ter  than 1% we can assume that  the co-  

ef f ic ient  81 is constant .  If we t ake  into account  the above -men t ioned  

approximations,  the e x p l i c i t  va lue  of the operator 82" wi l l  be 

~,* = ~ ~  + ( e l  - -  ~ )  v~l ~ X 

�9 (t + V a ) ( 2 g - - Q 2 ) ]  . 
x { ~ . _  ~, + ~ . _  ~o! ~ ~ 3  at-', ( -  o~= - ~,~. + 

(1 + va) gtoo �9 - t + v a 
+(%--~) g--tO0 aI->. (- tO) +(%- %)~x 

1/2  - -  VO 
X g Vo - -  v21 v - -  "g __ too tOo+ g ----~2} a]*x (-- toco-- g) �9 

Here B~ is the  " instantaneous"  va lue  of ~2, 

tOO ~Va(O0 

~Q1 = -~" -+- 2f,~, a _[_ vo [1 - -  E (1 + 2va) -+- rl (t - -  2Va) G o / G  a , 

1 / 2  - -  V 0 

g ~ tO0 V0 - -  Vat  

1 + n (t - -  2v~) Go / C~ 
fl, = too t + ~ (1 - -  2vo) + ~1 (t - -  2Va)] Go / G a " 

Fig. 2 

Clea r ly ,  on average  the value  of B1 is four t imes  less than  that  
of Bz as a result  of the constraints  imposed by the glass fibers on dis-  
p l a c e m e n t s  a long the re in forcement .  All  the ca lcu la t ions  were m a d e  

for g lass- re inforced  strip m a d e  with a l u m i n o b o r o s i l i c a t e  fibers (v a = 
= 0.2,  E a = 0 .981 - 7 - 105 [bar],  a a = 0 . 4 9 .  10 "s [ 1 / ~  K] and epoxy-  

m a l e i c  resin (v0 = 0 .382.  E0 = 0 . 9 8 1 .  0 .315 �9 10 ~ [bar],  a s  = 6.  10 -5 

[1 /*  K]). 
The dis t r ibut ion of structural  t empera ture  stresses in the t ape  at  

the res in-g lass  boundary is shown in Fig.  3. Curves 1, 2, and 3 depic t  

the dependence  of the normal  On (a t  ~ = 0.736 and ~ = 0.227) and 

shear On8 (a t  ~ = 0.736) stresses on the angle  of o r i en ta t ion  of the  
area e l e m e n t  8 .  The average  stresses on areas  perpendicu la r  to the 

re in forcement  are 

<=n>. = E, <en> -5 8v~Go {(% -- %) (I + Va) 0 + (v a -- vo) <n*>,} ao 

To es t ima te  the effect  of the v iscoe las t ic  propert ies  of the resin 

on ~2", we m a d e  a compar ison of the va lue  ~2' " 1 at the in i t i a l  

instant (for g = 0.736,  82 ~ = 2 . 1 8 .  10 -5 [1 /*  K]).  
As may  be seen from the data ,  disregarding this ef fect  leads to 

an error of the order of 10%. 

I a ! z a98~ebar 

<zu>, = Eo <e.>,i-- 8voGo {(=~ -- %) (I + v.) 0 + (v a -- vo) <en>,} ao~ / ~] . Fig. 3 
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